The tyre cavity resonance induced cabin noise has been a major unsolved customer complaint issue for a long time. A study of coupled tyre-cavity structural-acoustic system using impedance compact mobility matrix is presented in this paper. This method offers a better physical interpretation and numerical prediction about a coupled tyre-cavity system than previous models. It can calculate the sound pressure inside the tyre cavity as well as the tread wall vibration velocity at the same time. The analytical results have been verified by the results of the VAOne vibro-acoustic model. The VAOne software was also validated by the results from a case study of a rectangular box-cavity system in previous literature. From the analytical calculation, the tyre cavity coupling modal frequency is found to be split into two close resonance frequencies if the tyre structural natural frequency is close to the fluid cavity resonance frequency. The geometric coupling coefficient has been calculated using Matlab code. This study provides a better insight into the resonance coupling phenomenon of the tyre cavity to the tyre structure and its root causes. It demonstrates more clear physical meaning of the tyre cavity coupling model and its inherent characteristics than that from 'black box' finite element software. This develops a better understanding of the problem and its root causes facilitates effective solutions for the problem. Even though the study was conducted in a tyre-cavity system, the solution and methodology are applicable to other toroidal shape structural-acoustic systems.
Introduction
Noise from tyre-road interactions is one of the dominating Noise, Vibration, and Harshness (NVH) sources which depend on speed and road condition. Qatu et al. (2009) and Qatu (2012) gave an overview of the aspects and recent research in automotive noise and vibration from the factors such as sound quality, powertrain noise, tyre-road noise, wind noise, squeak and rattle, and brake mechanism. Of all the tyre-road noise mechanisms, tyre cavity resonance is one of the contributing factors to the tonal noise perceived in car passenger cabin. This is caused by the transfer of tyre cavityinduced vibration from the hub to the body structure. This noise effect is undesirable in automotive engineering as it translates to discomfort and low quality product in the aftermarket. Several studies have carried out research to mitigate the effect of tyre cavity resonance. The first literature to uncover this phenomenon was from Sakata et al. (1990) where they measured vibration at the tyre hub and the noise in the passenger compartment and found their peaks around the first tyre cavity natural frequency. Other researchers also performed analytical and experiment work to investigate the noise mechanism and the possible countermeasures to reduce the induced noise. Yamauchi and Akiyoshi (2002) proposed a change in tyre wheel shape that proved to be effective in eliminating the resonance peaks. Others include a comprehensive experimental study with regard to the use of absorbing material inside the tyre cavity to mitigate the noise (Fernandez, 2006) . A more recent study was from Feng et al. (2009) and Feng and Gu (2011) where they used a wireless microphone inside the tyre cavity to measure the sound pressure of static and rolling tyre (for a more comprehensive review, please read Mohamed et al., 2013) .
The interaction of sound and structure in the tyrecavity system is generally similar to that of the structural-acoustic with flexible boundary problem in acoustics. With regard to the latter case, Dowell and Gorman (1977) presented a comprehensive theoretical model for coupled response of structural-acoustic system. The coupled response was obtained from the modal characteristics of the uncoupled system. Kim and Brennan (1999) introduced the impedance mobility method (IMCM) to solve the same system as in Dowell and Gorman (1977) . The advantage of this method comes from its formulation simplicity and results in a compact matrix which can be easily solved in numerical computer software. As described in Nefske and Sung (2006) , flexible wall in a structural-acoustic system may exhibit the structural resonances together with the acoustic resonances as sound source and boundary impedance. These roles of the flexible wall may occur at the same time which requires the use of coupled solution to predict the cavity sound pressure level. Following Kim and Brennan (1999) , Venkatesham et al. (2008) implemented a similar method to study the breakout noise from a rectangular cavity with a compliant wall. Du and Zhang (2012) also adopted the same formulation to study the structural-acoustic characteristics of double light-weight flexible wall layers and its effects to the NVH performance of vehicle. As seen in other studies, most of them if not all utilize the rectangular box-cavity system model to realize the numerical solution.
Tyre cavity resonance studies also deal with the effect of structural coupling from the tyre tread and side wall to the cavity acoustic pressure. One such study was by Molisani et al. (2003) where they proposed a simplified analytical tyre model which includes the effect of tyre cavity resonance together with the prediction of spindle forces reaction. Another study was done by Gunda et al. (2000) where they implemented finite element based methodology to obtain the coupled response. The said studies were complex in formulation and not easy to be applied though giving acceptable results. In this work, a toroid cavity with a flexible wall is investigated following the simplification of the tyre-wheel-cavity system. By the approach of impedance-mobility compact matrix (IMCM), the acoustic pressure inside the tyre and the compliant wall vibration displacement are obtained. The result will help to understand the coupling phenomenon and its effect to both individual subsystems (tyre and cavity). In Molisani et al. (2003) , the coupled response resulted in additional cavity resonance peak of the tyre radial modal response amplitude. There was no particular calculation for the tyre inside acoustic pressure as well as analysis of the different effects using structural and acoustic excitation. In this study, both the structural and acoustic responses are included where the effects of the point force excitation and acoustic source are studied. Due to the coincidence of the structural and acoustic mode in the coupled solution, it was found that the modal peak was split around the first tyre cavity resonance frequency. This exhibits the effect of high fluid loading on the structural mode near the first tyre cavity resonance. A similar result has been obtained using the vibroacoustic software VAOne. For a box-cavity system, results from the software have been verified by the experimental results from Kim and Brennan (1999) as well as the results from other software (Sysnoise) from Venkatesham et al. (2008) .
2. Tyre-cavity resonance theory 2.1. Cavity mode shape and natural frequency Tyre geometry is too complicated to be analyzed analytically due to its variable radius cross section from side wall to tyre tread. As such, many researchers opted to implement simplified geometry consisting of toroidal shape with rectangular cross section (Molisani et al., 2003; Fernandez, 2006; Thompson, 1995) . In this study a similar approach will be taken where the side wall is assumed rigid and only the tyre tread is flexible. The simplified geometry is illustrated in Figure 1 .
Upon excitation, acoustic waves propagate along the toroid cavity from both sides of excitation source coordinate. These oppositely moving waves interfere with each other and therefore creating standing wave at certain frequency according to f ¼ ic/(R m ) where i ¼ 0, 1, 2 . . . (Sakata et al., 1990) . R m in the simple formula is the centre cavity radius (a þ b)/2, is 2p, and c is the speed of sound. Assuming the fluid in cavity is homogenous, inviscid, isotropic and compressible, the 'sound pressure field' p in the cavity satisfies the inhomogeneous wave equation in equation (1) (rectangular coordinates) or equation (2) (cylindrical coordinate).
where k ¼ !/c. k is the wavenumber, ! is circular frequency in radian/second, and c is the speed of sound at 343 m/s. Using separation of variables and to let pðr, , z, !Þ ¼ P s D s ' s ðr, , zÞ where D s is the acoustic modal amplitude and '(r, , z) ¼ R(r)Â()Z(z) which leads to three differential systems related to axial, radial, and azimuthal direction, a general solution can be written as
where J m and Y m are respectively the Bessel functions of the first and second kind, both of order m. V mnl is a constant, while A n and B n are constants for all the three sound wave components which depend on the boundary conditions. For this work, all the annulus surfaces are considered rigid except the outer shell. The 2nd and 3rd systems are reduced to single term such as
A n and B n are given by A n ¼ Y 
Equation (5) is one of the common Bessel characteristic equations in the physical problem. For this case, it is used for calculation of modal oscillation frequencies of the incompressible liquid in an annulus container.
Solving the equation for its roots will allow us to calculate the cavity natural frequency which is given by
The acoustic wavenumber k is given by
The first three cavity natural frequencies correspond to m ¼ 1. . .3, n ¼ 1, l ¼ 0 as depicted in Figure 2 . The cavity geometry is generated from the tyre size 205/65/R15
The natural frequencies obtained in Table 2 using the simple formula f ¼ ic/ (R m ) are also included where the formula under-predicts the resonance frequencies by up to 1%. Using an actual tyre shape for the cavity would give very similar cavity resonance frequencies as the resonance frequencies are dependent to the centroid circumference length of the cavity. The first cavity frequency measured using impact testing to an actual tyre was at 227 Hz. In Ansys or VAOne, the cavity resonance for axissymmetrical model (unloaded) will result in degenerate cavity resonances. Degenerate resonance is defined where two or more resonance modes have the same resonance frequency. For symmetrical object, it is a consequence of repeated eigenvalues due to the stiffness and mass matrices being the same in all direction. From equation (4), at arbitrary point in the azimuthal direction the second term is cos m þ ð Þwhich is equivalent to cos m ð Þcos ð Þ þ sin m ð Þsin ð Þ, where is a phase angle. The above expression really has two modes, sin m ð Þ and cos m ð Þ which are degenerate because the FE software cannot tell the difference between them. As a result, the Ansys model will give two similar mode shapes with 90 degrees of phase angle with each other for each resonance frequency (Figure 2(a) ). If the meshing for the model is not done uniformly via 'mapped face mesh', the result will show two different frequencies as shown in Figure 2 
Cavity mode shape normalization factors
To evaluate the cavity mode shape terms in equation (4), it is necessary to determine the normalization factor, V mnl . Considering the orthogonal relationship of the mode shape pattern
It is assumed that V mnl ¼ U mnl ffiffiffi k s p where V mnl is the normalized mode shape coefficient and given in Table 1 for
m represents the root number of the Bessel's function which start from 1. In the table, Q mn is only calculated for m ¼ 1,2 while the rests of the terms are shown as V mnl .
Structure natural frequency and mode shape
Tyre tread can be treated as a thin finite cylindrical shell for adopting thin shell theory due to tyre tread thickness is less than 10% of the shell radius (Blevins, 1995) . There are several shell theories in literature since Love's work (1888) but they are different because of the various assumptions on the order and form of small terms in them. The Donnel-Mushtari shell theory is by far the simplest and has been adopted in other tyre case studies for the simply supported condition (Molisani et al., 2003) . 
where A r , A , A z are the coefficients that describe the amplitudes of the deformation and L is the shell length
, s is the shell density, n is Poisson's ratio, R is mid-shell radius, E is the Young's modulus, h is the shell thickness.
Applying Donnel-Mushtari operator in equation (12) to the shell directional displacement in equation (11) will result in a system of matrices in equation (13) whose determinant equal to zero where the dimensionless parameter specifying the cylinder shell natural frequency V will be solved. V then can be plugged in equation (14) for the shell natural frequency f lm . In the matrix, V 2 term for the first two diagonal terms is ignored due to retaining only the inertia term associated with radial deformation (w r ) whereas the inertia term associated with in-plane deformation (u z and v ) are neglected (Blevins, 1995) . This is also supported by the fact that the tread natural frequencies from 180 Hz to 250 Hz are all those with radial modes (Wang et al., 2014) det 
where ¼ jpR/L and i, j are mode order numbers.
To identify which modes are relevant to the frequency range in this paper, modal analysis is performed to the cylinder shell with R 0.3135 m, L 0.21 m and h 0.015 m. Material specification is taken from the results of the tyre tread cut-out tensile test done in-house following the method described in Yang et al. (2010) . The tensile test specimen was taken from Bridgestone RE92 205/65/R15. The measured Young's modulus is 2.61E8 Pa with Poisson ratio of 0.45 and density of 1230 kg/m 3 . The natural frequencies calculated using equation (14) are compared with those obtained from VAOne for uncoupled case and listed in Table 3 for the range between 180-250 Hz. It is seen that for the lower radial mode numbers, Donnel-Mushtari shell theory gives acceptable results in comparison with finite element software. In order to match the mode numbers from the FE software with those from the analytical method, careful observation is needed because from equation (14), a number of radial modes may have a lower resonance frequency than the lower radial mode number. In FE software however, the order of the modes are from low to high frequency. So in the FE result, the mode shapes has to be visually inspected to match the modes from equation (14). For an actual tyre consists of tyre tread and side wall, the structural resonance frequencies would differ than shown in Table 3 . However, the vibration modes of an actual tyre are very similar to the tread-only model as observed in another study (Wang et al., 2014) .
The mode shapes function for thin circular cylindrical shell with simply supported boundary is defined by
B ml is the normalized plate mode shape coefficient and listed in Table 4 where m and l are modal truncation number in the and z directions.
Tyre cavity structural-acoustic coupling
In this study, tyre tread is considered flexible which takes the excitation from the tyre-road interaction as well as fluid loading from the inside cavity. Due to the fluid loading, a fully coupled solution is needed to describe the structural-acoustic response of the tyrecavity system. As described in Fahy and Gardonio (2006) , for a coupled system, if the natural frequency of the structure equals the natural frequency of the cavity, the coupled natural frequency will split into two: one above uncoupled frequency and one below.
Impedance mobility approach
As in Kim and Brennan (1999) , for single input acoustic system, the uncoupled mobility Y and impedance Z are defined as
While for single input structural system, they are defined as
where F is the applied force, u is the resulting velocity, p is the acoustic pressure, and Q is the source strength. For coupled mobility Z CA and impedance Z CS , they relates to the uncoupled terms by Table 4 . Normalized plate mode shape coefficients.
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C is the coupling factor that relates the structural and acoustic response. The acoustic pressure and structural velocity are related to source strength and applied force by
For a weakly coupled system, where the structure or the acoustic response behave independently of the other, the above equations are given by
From equation (2), the acoustic pressure in the tyre cavity at location (r,,z) and flexible wall vibration velocity at location (,z) on the shell can be expressed as
where a and b are the complex amplitude of the pressure modes and the vibration velocity modes in matrix form. For the case whereby the system receives both acoustic and structural excitation, the complex amplitudes are given as
g m ¼ R S m ð, zÞÞ f ð, z, !ÞdS and q n ¼ R V ' n ðr, , zÞ Â sðr, , z, !ÞdV are respectively the generalized modal force and acoustic strength. 0 is the air density, s is the tyre tread mass density, V is the tyre cavity volume, S is the tyre tread surface area, and h is the tyre tread thickness. The resonance terms n (!) and m (!) are given by
T 60 is the reverberation time to 60 dB and is the damping loss factor. If only one source of excitation is present then either g m or q n is zero. C mn represents a dimensionless coupling coefficient between the uncoupled structural and acoustic mode shapes over the vibrating structure surface where it is expressed as
C mn is a measure of spatial match between the tyre tread and cavity modes. For rectangular box-cavity this coupling coefficient can be simplified according to formula in Kim and Brennan (1999) . For cylinder shell structure, this can be calculated in numerical software such as Matlab.
Equations (23) and (24) can be written in matrix form as
The coupled acoustic modal impedance and mobility matrix are written as
Solving simultaneous matrix equation from equations (28a) and (28b) will result in the form of coupled responses for the tyre-cavity system consisting of
Equations (30) and (31) can be replaced in equations (21) and (22) to obtain the acoustic pressure in the tyre cavity or the structural velocity of the tyre tread. For this structurally excited tyre-cavity system, if the tyre tread responds as if it was in vacuo then the coupled acoustic impedance has a minor effect on the tyre tread. In the same way this system is to be said as weakly coupled. Detail argument and derivation on this matter can be found in Kim and Brennan (1999) . For the case of weak coupling equations (30) and (31) become
The degree of coupling between tyre structure and tyre cavity is dependent on the ratio of the acoustic cavity bulk stiffness to the tyre tread mass, the normalized coupling coefficient, and the acoustic mode and the structural mode resonance terms n , m (Kim and Brennan, 1999) .
Numerical simulation
Finite element model results using the commercial software (VAOne) are utilized to validate the results of the analytical model. The fully coupling condition is obtained from the software by implementing a feature 'area junction' to connect the subsystems, in this case the tyre cavity to the tyre tread inner surface. This feature enables the FE model of the cavity and the structure to be solved simultaneously, resulting in the pressure solution for any point in the cavity and vibration velocity solution for any point on the tread area.
The results are extracted from the pre-allocated sensors placed at the intended locations before software calculation. Sound source input is represented by constant velocity source and the structure excitation by point force in the VAOne model. To apply sound source, an area on the cavity FE model equivalent to speaker area needs to be selected whereas to apply point force, a point on the tread FE model be selected. The FE models for both the cases are illustrated in Figure 4 (a) and (b). To achieve simply supported condition at the edges in the model, points at the edges are constrained in circumferential and axial direction but not circumferentially rotational direction (ANSYS manual, 2013) . Table 5 shows the dimension of the FE model and the material properties used.
Software validation
A rectangular box-cavity model was created in VAOne for validation by comparing its results with the experimental and analytical results from Kim and Brennan (1999) . Similar geometry dimensions and properties were used and the responses to a point force excitation are depicted in Figure 5 . It can be seen from Figures 5 and 6 that similar results have been obtained from using analytical, experimental and numerical models. Therefore VAOne is able to be used to validate the coupled analytical model for the tyre-cavity model in the next section. 
Tyre-cavity model validation
In order to validate analytical coupled model by the VAOne model results, the same structure and cavity natural frequencies need to be used. However, the structure natural frequency calculated from VAOne has some differences to the analytically calculated natural frequency from Donnel-Mushtari shell theory. The finite element result difference to the analytical result is shown in Table 3 . Therefore, the natural frequencies from FE software were taken and inserted into the numerical calculation of equations (21) to (22) and (30) to (31). To be able to solve these equations, the coupling coefficient must first be calculated in Matlab, where the results are shown in Table 5 . A total of two acoustic and 17 structural modes were found to be below 500 Hz. So only these natural frequencies were used in calculating the geometric modeshape coupling coefficients. Unlike Kim and Brennan (1999) , these coefficients do not need to be normalized by their maximum value as the real values of calculated coefficients are needed for solving equations (30) and (31). The time constant of the first acoustic mode was taken to be 0.2. The point excitation was located at z ¼ L/2 and ¼ 0 while the volume velocity source was located at r ¼ a, z ¼ W/2, and ¼ 0. The sound pressure was calculated at r ¼ a/2, z ¼ W/2, and ¼ 0. The point-excited structural-acoustic responses of the tyre-cavity from the preceding equations and VAOne are shown in Figures 7 and 8 . Meanwhile, the soundexcited responses are shown in Figures 9 and 10 . It is found that the calculated responses agree well with those from VAOne simulation.
As observed in Figures 7 and 8 , there seems to be frequency shift in peak acoustic pressure as well as another peak for the coupled tyre-cavity response. The cavity natural frequency was originally calculated at 227 Hz for the uncoupled case. For coupled case, the (Kim and Brennan, 1999) . SPL curve has peaks at 215 Hz and 253 Hz. This result is mostly dependent on the coupling coefficient calculated in Table 6 . Due to the mode matching requirement of equation (27), the first cavity mode shape (1,0,0) only couples with the similar corresponding structural mode shape (1,1). The coupling effect was observed even though the natural frequency for structure mode (1,1) is at 240 Hz which is quite far away from the cavity mode (1,0,0) at 227 Hz. Other coupling coefficients are mostly zero except for the acoustic mode (2,0,0) to structural mode (2,1). However, the structural natural frequency at mode (2,1) is 215 Hz, far away from the acoustic mode (2,0,0) at 455 Hz. Hence no frequency shift in acoustic pressure was observed for the second cavity mode.
For the case of weak coupling between tyre tread and tyre cavity, the cavity sound pressure level and the tread mobility are plotted in Figure 11 and 12 for point-excitation. Full-coupled results from Figures 7 and 9 are also plotted side by side. For the weak coupling case, the peak at the tyre cavity resonance (227 Hz) does not shift much as compared with that for the full coupling case. The other two nearby modal peaks are due to the structural resonance at 215 Hz and 240 Hz. It was also observed that the structural mobility amplitude for the full coupling case was reduced in comparison with that for the weak coupling at 240 Hz. According to the coupling coefficients calculated in Table 6 , the strongest coupling of the structural mode (1,1) to the first cavity mode is at 240 Hz. This .0 n/a n/a n/a 1 (1,0,0) 226.7 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 2 (2,0,0) 451.7 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 correlation applies to the other modes as well whereas if the structural and acoustic modes have low coupling coefficient or their modal peaks are far apart away from each other then the structural mobility amplitude of the full coupling case is increased to be larger than that of the weak coupling case. The sound pressure level and tyre tread mobility amplitude curves from the sound excitation case are depicted in Figures 13 and 14 . It is seen that the sound pressure level for the weak coupling case correlates to the single peak of first tyre cavity resonance at 227 Hz, whereas only for the full coupling case, there are two peaks. These two peaks correlate to the two modal peaks in the tread velocity plot. It is clear that the structural resonances cannot be excited as much using the sound excitation than the point excitation. One point needs to be noted that if the sound pressure fluctuation is contributing to the force transfer to the spindle, then the coupling of the tyre-cavity actually helps to reduce the vibration effect since the sound pressure level in full coupling case is lower than that of the weak coupling case (Figure 13) . Previously, the force to spindle was calculated from the tyre structure vibration through the cylinder shell boundaries (Molisani et al., 2003) .
Effect of air pressure
The analysis done was confined to the ambient pressure in the cavity which is not the case for actual tyre-cavity system. With the effect of inflation pressure, the structural natural frequency calculation and mode shapes could change and hence, the structuralacoustic response could alter as well. This effect can be regarded as the presence of internal stress by inflation pressure where the detailed previous work can be found in Leissa (1993) . The effect of the tyre pressure on the cavity natural frequency is given by
where N x ¼ pR 2 represents uniform axial tension per edge length and N ¼ pR represents uniform hoop tension per edge length, p is internal pressure, is material constant, h is the cylinder thickness, L is the cylinder width, and R is the mid-cylinder radius. i and j are the mode order number. From equation (34), it is obvious that the cylinder shell natural frequency with internal pressure will increase by the amount of the second and third terms from the 'in-vacuo' cylinder shell. Even so, the presence of internal pressure will only increase the cylinder shell natural frequency but does not directly affect the coupling magnitude of the tyre structure to the acoustic cavity resonance. So the factors that influence coupling magnitude are still depended on the mode shape matching and proximity of the structural and acoustic natural frequencies.
In this study, we include the differences from Ansys simulation of the structural natural frequency for mode shapes (1,1) and (2,1) for 'in-vacuo' case and 'inflated' case. For example, it can be seen from Figure 15 that for mode (1,1) the inflated tyre natural frequency Figure 16 . Predicted sound pressure amplitude of the inflated and deflated tyre for the point-excited tyre-cavity model. increases to 236 Hz from 235 Hz whereas for mode (2,1), it increases to 220 Hz from 213 Hz. The natural frequencies calculated by Ansys have some differences from those in Table 3 . However, one can choose any other shell theories that could give the best results validated by experimental data. All of the 'inflated' structural natural frequencies within intended frequency range can then be substituted in equation (26) to evaluate the coupled structural-acoustic response for inflated tyre-cavity system.
The addition of tyre inflation will also cause the air density to increase accordingly. For 30 psi inflation pressure, the air density will increase from 1.21 kg/m 3 to approximately 3.5 kg/m 3 . This effect of air density increase on the sound pressure level inside the cavity is shown in Figure 16 . It is seen that the air density increase is equivalent to increasing the coupling from weak to strong coupling, the corresponding modal peaks are further separated apart, the SPL amplitude is reduced in the frequency range of the coupling. This coincides with the results in Figure 11 . The air density inside the cavity increases, the uncoupled cavity natural frequency should decrease, whereas the lower split coupling natural frequency decreases, the higher split coupling natural frequency increases as shown in Figure 16 .
Conclusions
An analytical steady state solution of a coupled tyrecavity system has been presented based on previously founded IMCM approach. A simpler method of predicting the sound pressure inside the cavity as well as the enclosing structure wall vibration has been introduced. The coupled solution has been verified by using the VAOne simulation. VAOne solution was validated by the analytical and experimental results of a rectangular box-cavity system model from previous literature. This coupled solution gives an improved insight into the resonance coupling phenomenon of the tyre cavity to the tyre structure and its root causes. The coupled tyre cavity resonance frequency has been found to be split into two resonance frequencies if the tyre structural resonance frequency is close to the cavity natural frequency.
